Desuspending collapses  by Husch, L.S
MATHEMATICS 
DESUSPENDING COLLAPSES 
BY 
L. S. HUSCH 1) 
(Communicated by Prof. N. H. KUIPER at the meeting of March 29, 1969) 
Xummary 
Suppose X and Y are compact polyhedra and suppose the suspension of X collapses 
to the suspension of Y. This paper investigates the conditions under which it follows 
that X collapses to Y. If X is a piecewise linear manifold and the codimension of 
Y is greater than two, the only diflkulty is with the fundamental group. The 
hypothesis in this case that the inclusion of Y into X induces an isomorphism of 
fundamental groups is sufficient to show that X collapses to Y. Codimension one 
and two require additional hypotheses. The major tool used is the piecewise linear 
s-cobordism theorem. 
In [6], LICKORISH and MARTIN considered the following conjecture. 
Conjecture. If M is a piecewise linear manifold, L a submanifold of 
1M and the suspension of M collapses to the suspension of L, then M 
collapses to L. 
If the conjecture were true, then it would follow from [4] that the 
piecewise linear SchBnflies Conjecture was true. However, Lickorish and 
Martin showed that the conjecture was false. In this note, we place 
reasonable conditions on M and L and show that the conjecture is true. 
Since we are forced to impose the condition that the dimension of M 
be greater than five, we do not get the Schijnflies Conjecture. 
We assume familiarity with [ll]. If X is a compact polyhedron, then 
the r-suspension of X, .ZrX, is the polyhedron which is the join of the 
(r-1)-sphere Sr-1 and X. Hence, we have the natural inclusions, #r-l C 
C ZrX and X C 3X. 
By a “collapse”, we mean a “polyhedral collapse” as defined in [ll]. 
When we shall have occasion to use “simplicial collapse”, we will always 
use the adjective “simplicial”. Recall the following definition from [l]. 
Suppose X C Y C Z are compact polyhedra. Z collapses to Y mod X if 
there exists a finite sequence of polyhedra 2 = 20 2 211 . . . 12, = Y such 
that 
i) Zt=Zt+, u & where Bi is a PL-(NC)-ball, Mg> 0; 
ii) Ft= (Bi n Zi+,) is an (Mi-1)-face of B,; 
iii) (Ft n X) 2 SFs. 
1) Research supported in part by National Science B’oundation grant GP-8615. 
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We use both the regular neighborhood theory of Whitehead as ex- 
pounded by ZEEMAN [ 1 l] and the regular neighborhood theory of COHEN 
[l]. When referring to a regular neighborhood in the latter theory, we 
shall use the terminology “Cohen regular neighborhood”. “PL” will 
designate either “polyhedral” or “piecewise linear”, “a” and “Cl” will 
denote “boundary” and “closure” respectively. 
Theorem 1. Let M be a compact PL-n-manifold, n > 6 and let P be 
a compact connected p-dimensional polyhedron in the interior of M, p <n - 1. 
Suppose that the inclu.sion P C M induces an isomorphism of fundamental 
groups IllP + I71M. If p = n - 2, assume that if N is a regular neighborhood 
of P in the interior of M, then the inclusion bN C Cl(M - N) induces an 
isomorphism IllBN + I71Cl(M - N). If p=n- 1, suppose that n> 7 and 
that P is a closed PL-submanifold. If either 
a) for some r, .DM collapses to BP; or 
b) for some r, DP C DM is a homotopy equivalence, with M, each boundary 
component of M and, if p = n - 2, bN simply-connected, then M collapses 
to P. 
Theorem 2. Let M be a compact PL-n-manifold and let P be a con- 
nected compact p-dimensional polyhedron in the interior of M. If for some 
r, .DM collapses to DP mod ~9-1, then M collapses to P. 
One should note that Theorem 1 is fairly sharp. Lickorish and Martin’s 
example show the necessity of the isomorphism of the fundamental groups. 
Also, the codimension two restrictions are necessary by considering an 
example of CURTIS [12]. Curtis defines, for each n24, a contractible 
n-manifold Q such that the boundary of Q is not simply-connected but 
Q x I is PL homeomorphic to the (n-t- 1)-cell. Since the double of Q is 
an n-sphere, by considering the spine of Q, one has an embedding of a 
contractible (n-2)-polyhedron P in the n-cell M such that the regular 
neighborhood of P is not simply-connected. For n > 5, we claim that EM 
collapses to ZP. Let N be a regular neighborhood of ZlP such that 
N n U’M is a regular neighborhood of ZP IT &ZM in aZM. By use of 
the h-cobordism theorem [9], one can show that N is a (n+ 1)-cell which 
collapses to Zx where x is any point in P. From [lo], it follows that ZM 
collapses to N and hence to ZP. 
In the b) part of Theorem 1, the condition of simple-connectivity is 
necessary because of the existence of non-trivial h-cobordisms. 
First we make some observations concerning suspensions. Let X be a 
compact polyhedron and consider the r-suspension of X. Since ,DX is 
the join of the (r- 1) sphere with X, then DX may be considered topologi- 
tally as the decomposition space obtained from X x [0, l] x P-1 by identi- 
fying XX 0 X t, xx 1 x Sr-i to points, t 6 ST-i, x E X. If we were to first 
identify each x x 1 x S-1 to a point, we would have then that ,DX is 
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topologically obtained from X x 1~ by identifying to points, X x t, where 
t E BIT, the boundary of the r-cell. After this topological prelude, we state 
without proof the following lemmas. Let Er denote PL-r-Euclidean space 
with its usual PL-structure. 
L,emma 1. If X is a compact polyhedron, then there is a PL-homeo- 
morphism h : DX - Sr-1 +XxEr such that h(x)=xxO for XEX. If Y 
is a subpolyhedron of X, then there is a PL-homeomorphism of pairs 
h: (Z’TX--ST-~, .DY-23-l) --f (X x Er, Y x ET) such that h(x) =x x 0 for 
x E X. [Here Y x Er is contained naturally in X x Er.] 
Lemma 2. Let M be a. compact PL-manifold and let J be a triangu- 
lation of 27M compatible with the PL-structure. Let T be a second derived 
neighborhood of Sr-1 in J. Then the following are true. 
i) Cl(DM-T) is PL-homeomorphic to M x Ir; 
ii) if MO is a component of i3M, then the pair (Cl(.DM-T), Cl(A’~Mo- T)) 
is PL-homeomorphic to the pair (M x IT, MO x Ir) where MO x Ir is 
contained naturally in M x Ir; 
iii) the pair (Cl(DM-T) n T, Cl(DMo-T) n T) is PL-homeomorphic to 
(M x dir, MO x W) C (iv x I’, M0 x IT). 
Let M be a compact PL-n-manifold, n> 6, and let P be a compact 
connected p-dimensional polyhedron in the interior of M. Let N be a 
regular neighborhood of P in the interior of M and let R=Cl(M-N). 
Under the hypotheses of the various theorems, we want to show that R 
is PL-homeomorphic to aN x I, in which case it follows easily that M 
collapses to P. 
Lemma 3. If X C Y are compact polyhedra such that Y collapses to 
X, then for each r, DY collapses to 27X mod X*-l. 
Proof. It is sufficient to prove the following: If Z C X C Y are 
compact polyhedron such that Y collapses to X mod 2, then ZlY collapses 
to ZX mod ,Z’Z. By definition, there exists a finite sequence of polyhedron. 
such that 
Y=Yo3 Y12 . . . 2 Y*=X 
i) Yg= Yi+i u Bt where Bg is a PL-ni-ball; 
ii) Pi = Bi n Y,+l is an (ni- 1) face of Bi; 
iii) (Ft n 2) C Wt. 
Consider 
then 
ZY=.zYo 2 ‘xY12 .., z1Y*=z1X. 
i) ZYi= ZYf+r u ZBg 
ii) ,ZFi = ZlBi n ZYg+l 
iii) 2i’Ft n ZZ=.Z(F~ n 2) C .Z(dFi)=i3(2’Fi). 
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Lemma 4. DN is a Cohen regular neighborhood of BP in DM mod 
S-1. 
Proof. Since N is a regular neighborhood of P in M, it follows from 
Lemma 1 that ZrN collapses to A’P mod Sr-1. 
The conclusion follows from [l]. 
Lemma 5. Suppose the inclusion ZrP C ZrM is a homotopy equiva- 
lence ; then the integral homology groups 
Hi(R, bN) = Ht(R, BM) = 0 for all i. 
Proof. From Lemma 3 it follows that H,(BN, DP) = 0. By hy- 
pothesis H*(DM, DP) =O. By exactness of the homology of the triple 
H,(DM, ErN) = 0. By [3, p. 961, H,(M, N)=O and by excision, 
H,(R, BN) =O. By the universal coefficient theorem, the cohomology 
groups H*(R, BN)=O. By Poincare Duality, H,(R, 8M) =O. 
Lemma 6. If n-p > 3, then the inclusion BN C N induces an iso- 
morphism TC~~N --f ZIN. 
Proof. The proof of this lemma follows essentially from general 
position and the fact that N-P is PL-homeomorphic to aN x [0, 1). 
Lemma 7. If p =n - 1# 5 and P is a closed two-sided PL-p-sub- 
manifold, then N is PL-homeomorphic to P x I and, in particular, for each 
component No of aN, the inclusion induces an isomorphism TC~N~ + nlN 
Proof. The first part of the lemma has been proved by Cohen 121. 
Lemma 8. If for some r, DM collapses to DP, then the inclusion 
aM C M-P is a homotopy squivalence. 
Proof. From [l ; theorem 9.11, ZqM is PL-homeomorphic keeping 
ZrP fixed to a Cohen regular neighborhood of 22P in DM. Prom [l ; 
theorem 5.31 it follows that DM- BP is PL-homeomorphic to (DaM- 
-27P) x [0, 1). By Lemma 1, the pair (DM- DP, D:rbM- DP) is PL- 
homeomorphic to ((M-P) x ET, aM x ET). Since ZQM-DP C DM-BP 
is a homotopy equivalence, bM x ET C (M-P) x Er is a homotopy equiva- 
lence and hence aM Z M-P is a homotopy equivalence. 
Lemma 9. Let M and P be as in Theorem 1 except that if p =n- 1, 
then assume that P is a two-sided submanifold. R is an h-cobordism between 
bM and aN. 
Proof. By Lemma 8, aM C M-P is a homotopy equivalence. Since 
R is a deformation retract of M-P, it follows that BM is a deformation 
retract of R. It is sufficient to show that R-aN is PL-homeomorphic 
to BM x [0, 1) ; for one can use the product structure to deform R into a 
collar of aN keeping bN fixed and then use the collar of bN to deform 
everything to aN keeping aN fixed. Hence in this situation aN is a 
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deformation retract of R and the lemma follows. Let us first consider 
the case when p <n-2. Consider the following commutative diagram 
induced by inclusion maps. 
By using the hypotheses and Lemma 6 one can show that bN CR 
induces an isomorphism nibN + QR. It now follows from [S] and 
Lemma 8 that R-bN is PL-homeomorphic to i3M x [O, 1). 
If p =?z - 1, one must consider the components of aN and R. Suppose 
No is a component of aN such that No C i3Ro where Ro is a component 
of R. Let MO be the closure of the component of M-P which contains Ro. 
It follows easily from Lemma 7 that niNo -+ nlRo is an isomorphism. 
Now proceed as above. 
Let JO be a complex triangulating M with a subcomplex Ko such that 
1 Koj = P. Extend Jo to a triangulation of BM by suspending JO r times. 
Let A =CZ(lYM- (iFN(Ko, Jo) u N(Xr-1, J”)). We wish to consider the 
structure of A. A is a compact PL-(n + r)-manifold with i)A = A1 u AZ u AS 
where Ai’s are PL-submanifolds with disjoint interiors defined as follows: 
A1=CZ(D?)M-N(Xr-l, J”)) 
Az=CZ(/X’QN(K,,, Jo)-N(W1, J”)) 
AS = CZ(BA - (A1 u A2)). 
Lemma 10. There is a PL-homeomorphism h: A +- R x I’ such that 
h(A1) = i3M x I?, h(A2) = bN x Ir and h(Aa) = R x W. 
Proof. By uniqueness of regular neighborhoods CZ(M-N(Ko, JO)) is 
PZ-homeomorphic to R. By noticing that 
A = CZ(DCZ(M-N(Ko, Jo))-N(Xr-1, J”)), 
the result now follows easily from Lemma 2. 
Let V be a regular neighborhood of bA1 in Al and let A,J = CZ(Al-- V). 
It is well known that V is PL-homeomorphic to i3Ao x I and 13A1 x I. 
Hence Ao is a deformation retract of Al. 
Lemma 11. Let M and P be as in Theorem 1 except that if p = n- 1, 
then assume that P is a two sided submanifold. If BM collapses to .DP 
and if P C M induces an isomorphism nlP -+ zlM, then A is an h-cobordism 
between AO and A2 u Aa. 
(It should be noted that A is not an h-cobordism in the usual sense 
since i3A # A0 u (A2 U AS) but since CL(bA - Ao-(A2 u As)) is PL- 
homeomorphic to bAo x [0, 11, the h-cobordism theorem can be applied.) 
Proof. By Lemma 9, R is an h-cobordism between aM and ?JN. Hence 
aN C R and aM C R are homotopy equivalence. Therefore BN x IT C R x IT 
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and &iM x 17 C R x Ir are homotopy equivalences. Hence by Lemma 10, 
Ai C A is a homotopy equivalence and by the remark above A0 C A is 
a homotopy equivalence. Similarly, aN x bIr C R x air is a homotopy 
equivalence so that bN x Ir u R x ?Vr 2 R x IT is a homotopy equivalence. 
By Lemma 10 again, A.2 U As C A is a homotopy equivalence and the 
lemma follows. 
Lemma 12. A collapses to AZ u A 3 ; hence A is a trivial h-cobordism 
between Ao and AZ u As. 
Proof. Using the basic idea that a cone collapses to a subcone, one 
can show that DN(Ko, JO) u N(Xr-1, J”) collapses to Z”N(Ko, JO). By 
Lemma 3, ,DN(Ko, JO) collapses to DP. Hence No=DN(Ks, Jo) u 
U N(Sr-1, J”) is a Cohen regular neighborhood of DP in DA!. Since DM 
collapses to BP, it follows from [l] that DM collapses to No ; but this 
is precisely saying that A collapses to AZ u As. 
The author expresses his gratitude to the referee who gave the proof 
of the following lemma. 
Lemma 13. Let M and P be as in Theorem 1 in the case when p = n- 1. 
If Theorem 1 can be proved in the case when P is two-sided, then Theorem 1 
can also be proved when P is one-sided. 
Proof. Let P be a closed one-sided submanifold of M and suppose 
DM collapses to ..DP. Let (J?, P) -+ (M, P) be the orientation covering 
and note that P is two-sided in i@. Since DM collapses to BP, Di@ 
collapses to Dp. Hence by hypotheses, il? collapses to P. But, il?!-p 
has two components each homeomorphic to M-P ; thus M collapses 
to P. (Note that under the conditions of b) in Theorem 1, P cannot be 
one-sided in b).) 
Proof of Theorem 1.a. If p=n--l, it suffices by Lemma 13 to 
consider the case when P is a two-sided submanifold. By Lemma 9, R 
is an h-cobordism between bM and bN. To apply the s-cobordism 
Theorem [9] we must show that the Whitehead torsion z(R, i3M) is zero 
[7]. By Lemma 10, the pair (Rx IT, bM x IT) is PL-homeomorphic to 
(A, Al) and hence (A, Ao). By Lemma 12, A is PL homeomorphic to 
Ao x I so that A0 and Ao x 0 are identified. Hence there is a PL-homeo- 
morphism h: R x IT -+ (BM x IT) x I so that h(x) = (x, 0) for x E aM x IT. It 
now follows easily from the definition of Whitehead torsion that z(R, 
bM)=O. 4 
Proof of Theorem 1.b. It follows from hypotheses and Lemmas 
6 and 7 that each component of BM and aN is simply connected. Let 
us assume that P does not separate M; the other case follows easily by 
similar techniques and induction. By Van Kampen’s theorem, nlM is 
the free product of niN and ZIR. By Grusko’s Theorem [5], qR is trivial. 
By Lemma 5 and Hurewicz theorem zt(R, i)M)=szt(R, 6iV) = 0 for all i. 
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Hence R is an h-cobordism between aM and BN. By the h-cobordism 
theorem [9], R is PL-homeomorphic to bN x I and the conclusion follows. 
Lemma 14. Let X C Y C Z be compact polyhedra. Suppose there exists 
a PL-homeomorphism h: CZ + 2Y such that hl22’X is the identity. Then 
there exists a PL-homeomorphism ha : Z + Y such that hoI X is the identity. 
Proof. Let J, K be triangulations of ZZ, ZY, respectively, each 
containing a subcomplex L with / LI = .EX; such that h : J + K is simplicial. 
Let a be one of the suspension points of ZZ; we may assume that a E J. 
Consider h’=hlZk(a, J): &(a, J) + Zlc(a, K). By pseudo-radial projection 
we can find PL-homeomorphisms ko and 1%r: 
ko: (&a, J), Wa, L)) + (Z, X) 
h: @(a, K), Jk(a, L)) -+ (Y, X) 
such that 
ko[Zk(a, L) =kllZk(a, L). 
Define ho = klh’ko-1. 
Proof of Theorem 2. By Lemma 3, it follows that TN is a Cohen 
regular neighborhood of DP mod S-1. Since 27M collapses to .DP mod 
S*-1, it follows from [l] that BM and .ErN are PL-homeomorphic keeping 
DP fixed. Apply Lemma 14 r times to get a PL-homeomorphism h : M --f N 
such that h]P is the identity. Clearly now M collapses to P. 
The University of Georgia 
Athens, Georgia 
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